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Consider Laplace's equation in four dimensions
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and substitute X =\fy cosy
X =Vy siny
X3 = Vz cosy

x4 =ﬂ/z siny~

the transformed equation 1s
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Separate according to V(y,z,y,yv) = U(y,z) ¢(>ﬁ)§?(y»). We
get the equations '
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Any homogeneous solution of (1.2) i.e. any solution satisfying

yf)—q+zi—g=kU 1.3)
dy Jz

will be called a hyperspherical harmonic:

We will restrict ourselves to those values of k,m,n for which
the four quantities k + m + n are nonnegative integers. From
(1.2) and (1.3) either the derivatives with respect to y or to z
may be eliminated. The result is an ordinary second order
differential equation. This shows that the pair of egquations

(2) and (3) has two linear independent solutlons.
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In order to solve (1.2) and (1 3) we substitute

U=y oy
Then W(y,z) satisfles
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We now try to find a function W(y,z) satlsfyling the initial con-
ditions W(0,0) = 0. Applying a Laplace transformation we find, if

W(y,z) == W (p,q), that
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which equation is solved by
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which equation specializes solution (1.7) into
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Hence W(y,z) = , (-1) yk+m n-s_2on+
s=0 s!(k-m-n-s)!(k+m-n-s)!(2n+s)!
The corresponding U{y,z) will be denoted by Pim’“n(y,z)
k-m-n 8
=M, - U - K-n-s_s+n
P M (y,z) = Y (1) y z
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§=0 s!(5-2n)'{k+m+n-s)! (k-m+n-s)!
Because of the factors (s-2n)'(k-m+n-s)! in the denominator the
terms for which 0 « s . 2n and k-m+n < s < k+m+n vanish. Replacing

s by s+2n we find
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In the same way we find

s ) = ()P Ry,z) = ()
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If in (1.10) we replace s by k+m+n-s it is easily seen that
E n(y,/) - ( ,‘)}CH.HHEQ m( ,y) 1',‘3)
Formula (1.10) can be easily generalized to a form valid for

arbitrary values of k,m,n. This generalization is
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Pl (y o) _ktﬁf“ (-1)° k+n-s_s-n
LR R A
K =0 s!(s-2n)!(k+m+n-s)!(k-m+n-s)! 1.10)
k+m+n 3
Hence y Mz PpMs % 2yse S (-1) (dyk-m+n=-s 1ys-2n
§=0 8! (k+mn-s)! P q 1.15)
2m_2n
s 29 (1 Dykvmn 1.16)
(k+m+n)' voq
en
. k + ~K-m-n
- zii——~—;7 (a-p)*"" " (pa) 1.17)
Win
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Again, from (1.17) (
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We also have
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(k+m+n ) !“(k-m-n)' Ty =z Dz R 1.20)
Finally, if m = n we find from (1.17)
- -m,m,n . k+2 ~k
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Having established the image of ymznPﬁ’n(y,z) it is easy to find

numerous recurrent relations. We derive a few,.

From
2m_2n PR
(k+m+n )3 (1 - l)k,m+n -
(k+m+n)! p g

2m=-1_2n (q 1 K+m+n -1 p@mq@n—1 (1 4 Ktmen-

| S MR (U S L R A -

(k+m+n-1)! p q (k+m+n-1)! p q
follows

tman ) pte D - . 1

(e+m n)Py (v,2) = vyfg_g’n( .2y - zPE:? 2(y,2) 1.22)
and by aid of (1.12)

. ol _1 R
(k—m+n)?§’n(y,z) = yPEfj’n(y,z) - \zPQiE “(y,z) 1.23)
o1 el
(k+m—n)?§’n(y,z) = y?ﬁ_i’n(y,z) + \zP§:2+2(y,z) 1.24)
. i L

(k-m-n)p, " (y,2) = ngfi’n(y,ﬁ) + ‘ZPﬁiZ+%(y,2) 1,25)

Addition of (1.22) and (1.25) yields
1 \ m- L - E B 1” __,,‘L
EKEIZC,H(B/,Z) - E’(P%jl’n + F;:_(L,n) +'\Z(PI£:.?Y+£ - Pm_’_i d)
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. The Laplce equation (1.1) has a solution

Vo= f(x, - ixy)

Let
Vo= ng(xﬂ - iXM)QK = (\fyeif +\f&e 17 _\Gelt & Vééiy‘)zk
2.1)

Then
Vo= (2K): o PP (y, 2t (T ) 2.2)

m,n
Assume this formula to be wvalid for k. Then

2k+1

2k+1 .
(x, -ixy) =

2

(k)1 (Vyell +Vye ™ - Vaelt s \Vael T ) ) B (y,5)e m ) )

Il

(2k)r'V‘PE’nT /. e2i{(m+%)7’+n7}'+ -21{(m—* +n7}

V}{GZi;m/ + (n+3)V) ~21{m7°+ ??H

ST, om-%,n m+3,n \ /D om,n-% m,n+3 (my +ny)
= (2k)' :/“3\/y(Pk ’ -+ Pk as ) - \/Z(Pk’ z . Pk’ 2) 7 /
m,n .
because of (1. 26)
It is easily seen from (1.10) that Pg’° = 1. Hence our formula

is valid for k = 0 and therefore for all values of k
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Another approach is to replace (1.2) by a set of aequivalent

differo-difference equations. Consider the set

‘\? . 1 VY - L N —“:1" -13‘»
) mem,n _ ym Sy T,n Symen 0 EUm’E 3
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Indeed we have
m o 1-2m Ty, M, 1 m T-m m,n -1, M, N
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J -2n T 1 - ~l§ -3
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Sy 2y 'y e i
In the same way we find
n _;_(?1—2n_;*”num,n) L 2 yen O gmen QEUm,n - _y™n
- B - 7 7k - “\\»E k N k 2 k k-1

which shows, that any function which satisfies the set (3.1) is
a solution of equation (1.2

)
Reading the lower formulae (3.1) the other way round we find
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Hence every solution of \1.2) can be derived by differentiating

the solutions of

: . ;
(y—2) + — (=) = © 3.3)
vy 2 .z
The homogeneous solutions of degree k+m+n of this equation are
k
0,0 - -
Pk’( (y,z) =% . “ yk S(_Z)S
;;Osf (k=-a)!
K. . - Al _
QO,O (v,2) :>m‘*nz Iny+2 4% (k-s)-27 (8) yk s(_z)s 3.4)
k o o 2
5=0 s!“(k-s)!

k
z ,0 57 ¥ (k-s)-¥ (8)  k-s )
- + 2 v (-2z)

y §2b 51%(k-s)1°
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The functions Pﬁ’n(y,z) follow from (3.4) by means of the differ-
entiating process (3.2)
A special value 1is

ag*%y,z2) = 102 3.5)
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L. Pinally we establish some relations between hyperspherical har-
monics and Bessel's functions. It 1s seen without difficulty
that (1.2) is satisfied by a product of Bessel's ordinéry and

modified functions

The image of Bessel's func%ions is given by 1
m 7N . - ) - -2m ¥
yJagzvy)w;pgﬁap f%mMEVy)_,pl%p
Hence 11
m_n 2 N . -2m_-2n i
vV zZ Igm(E\/y)Jgn(e\/z) = pTelg TP 4
Egi/;; —-qu—Qn (1 ) _’]_)S
s=0 ! S
m n55 2n _m,n
= y"2" > _(-1)%" Pyl (3,2)
s=0
[
\/ ooy 2n< m,n
or Igm(E /y)Jgn(E\/z) = (-1 g:aPSim+n(y,z) 4.1)
In the same way 1 1
m_n Ya /" —on -2n_ o T Qg
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2 memy-en s 1 1.8
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e t
. - < - +m-t _ t+
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onTem s=0 £=0 t!(s-t)!(t+an)!(s+2m-t)!" ¥

In (4.3) and (4.4) put m=n=0 and subtract (4.3) from (4.4).Then

by use of the known relations

______"E) T ! oo
\:—(31'1 l’l(z)jnzo ':_Q—N()(Z)s {'::)—l;l‘ln(z)

we find
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, , ’;
1,(2Vymy (2 z) -k (2Vy)i,(2Va) =
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. em+2n
Apply the operator "“;EE“T"EE to both sides of this equation. Then
\y }2:

by virtue of
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2n. -m_-n | ; S o
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-m, =i AT i}
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Qi’n(y,z) = 0 if k. wmtn

In the same way we derive
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